Tuesday, February 16,2021  3:11 PM

(hapter S Series

Tn —\\,\ts cJ\aFJ[u-’ we J[Aiw er,es of cOaMfa\:.x Nwh bers | Whenzver

we enconty wries ot real wumbers, we wil Qru\j uee  Tequlis

Akt ot P\'o\re.& A calenlus.

Ouwr  main ‘m‘faﬂw'\ Vs 'H\z \l‘&pl‘eszrﬂmﬂbll V@ '\EW\LJ[:\DV\S S

ind ncte  weries, Amm\S other H\;"ﬁ' we  w:l prove :

()Y A fwdon & Hd & khw\gHb on AR DR(%Q has a

Cor\w}m{' power” Ser, 2 rf%cr\hﬂ'ou on That AR
(R

fzy = 219 (ZO (2-2)"
=0

R
Conversely | Ruery  powel  Series Z'( A (2-2:) 15 o
U=p
D\M\\j‘\% S;W\{,’\Hm on ot A\Dmmhl\ e‘\‘ Lm\\fU‘bei'

(2) A foncton Pt N aM\jH‘L on an anes R, < |2~ Z,\qzz
has & ca\\mam+ Szmw Fe,@uémjmhan on that  anules

oo
§2) = ch*xczzo - Z.’bxw—m

=1 (2’217)
\w 'rH/\ o a‘Q"Q Ve ;ed/
\ LGN | g I
OR = Y &C (?:_%D“'H &Nl }DR = 2114 . (%‘2'13\).)!”[

U\)\\{re_ C \S (M\j ?bs. oﬁu\‘fz;l glm?\/. c\oseb» con%w
w the  amuns ik swounbiny %o

In ‘?Wf\ (}\ va\l’?bd/ﬁ " \V\e'\'\w/l_ -X'w CONP\Id [N 03\-(;\,\5 pveds
cov\‘b\»rb *\N\:\' S\ O\m& . s\rﬁ\).\ur Po'n:l Sv\p\oou H\d Sy hos

Lecture 13 Page 1



o snlaeily ot B b wnalyte swrwhere else S a delefed negghbirkk
Daled\an) o 2, . Then T w\vm on Fe  wduws  0¢\z-2| 2R,
I+ C s ou\) SM@\L \pge A fbsthw,ly Or.‘eﬁc/v entur atounk 2,
ok b)}"f Wethe e amwus tha auuowk‘mj Lo ()

2 b, = 3 $(2) &e.
C

Tn a%\w worh, we Lo (,om‘oM' e ‘\‘\m CUI\'l'b\Ar b\vd-ejrwl o’F +
ok o Shyulority Yot by empdiy e o ficlat b e sers!
Thy Y e ﬁs\\\n‘.nl W Y ﬂ\eow ox Re ‘ohl Wes.

Se g wences

Detinition (Sef(,u:;n(_%B k 2quence ot com plex  numbtrs 5 o complex -

Vel  Fundon 2 whise  doman s the  set of {)oﬁi’rNe Cnkegets
W. We wrte  2Zy=200)  he Yhe vdne of 2 ot nel, ue
*\\\.k\( 9)( ‘\AN. \wv\\u,y ) cc\u*v*hy ‘,\\ A~ oel\’f a.\. ()rob/r H

%))?2)7-3) P ),.,.-_ //

{ 2'\

Definitin (Limit ot o Sequence) | A sequence  Zn  hws o Limik

2€C€ bt Al 270, Here aasts N EN suh that
Nzn, WMyplied \zn-21¢¢2.
A 2 qinence ot Ko n Lwd 0 Con\le_haLM o\w)\ we wrte
I 2z, =2,

nN—op2

A L4ntra with v ik s A‘»vméw.

Lecture 13 Page 2



PI‘O@U&?‘H on

U) ,\}\t IL:m.‘Jr or’} o~ comlu”yy\‘\ &aiuu\ct v vu\.‘Lu,
() I 2.=Xatign B o« Sefuente then

L % vogy = x40y &= Dim xo=x ok Lin Y=y

h—ap2 N—>p2 n—> o
N0 N0

Choose 1y gy EN such  Yhat

r\2'n\ = \%n”%t\ £ @Z

ﬂwt\ (14 R-LMN{:% ny )\%} 2,7, \'Hk/\%_ .

R A LS A B 2

(7—) (=5) A sswne L:m Xv\+l:3'\ = X—\B%. LeY 270 . Uuoy,
N—po

noen sl S D+ el &Gy, - iy < 2

Bk MM G G4 xR (g9 €8

E=) Sl b the mrbwvw& woY.

Lecture 13 Page 3



E Xom P\g W e S\M w J(\t\q,{'

h
Lim -\ =2 C(:D_ - -1,
N~ p? nZ
B\j Hhe ’H\LbﬂM
n
e Qo e dw O
n N e n>p0 T
Y
-l
U o A

%\3 (Mj%\-t\ﬁlﬂwl Let 220, Choo 52 Ny 7 é?r_ . T\'M\
’FN’ AN V\ZV\D |
L~ o] = e = L e,

\"‘1 ‘\' L -K‘ = n2

J

Debimtion (Series) | A seres oF  com plex  numbers 5w

S\jm%)o\ oo
T 2n = 2t 2 v g4 oot Zpk
=)

&SSOLTW\&A +o A~ S%WN/& %,\ 0{‘ com}o]«,x VW\W\MS« A
eres ks an associated Sequence oA porthal  Sums

N
N = %{\zh = 2,42, -t 2y
Sum  the 'gl\fﬁ‘\ N Yerms

A series s c.m\\rua,mjr Sy v comergont - Tno this

cree , we w ~itve

2 N
Z\'Z-y\" Q«W\ SN =»Q;M Z"%V\-

n=1 N 00 N—=0 a2

The Limit  Aw Gy % caled the  sum oh te  wces. A
N->0°

Lecture 13 Page 4



ooy WAl ooyl hwenge D divenyed -

J

'PVO?DS:-\:U“ S\A‘)eosz ot Zn = Xa '\—["‘M\ s oo S&L\M;M«&

Then

o 0o 0o
Ziz, =xx1V & L= ¥ ad Zgn = Y,
el n=l

=1

Dot This et e (me‘oé\\)ﬂ‘w for Se Wit ‘Xf’(’\:"
oot perttdl s, ]

Acwrl)\'.t»5 Yo the pro Pb§+m , We wiite

o Po 9
Z,' Xatiy, = Z X ti Zf Ya
n=1 n! n=!

P\‘NTM that the  seres o the LAY topNeryes o te two on
the r‘LS}xJ( (/oku‘a,z.
Seeral  fesults  trom  cdladus have  couster s n C/DMP\LX wro\yS :
po
Dﬁ)ﬁbos;'\'?bn LTLS‘\‘ For D\WFBLML) T4 2l| Zn converyes, thea
g
L =).
v\.‘;';lo Zn 0
Proot. \DPij“N Zn = Y *2;51\ o Then by the ‘m‘o%ﬁh)n/
Y serves Z‘\lm A Z{\‘}v\ col\\wrg},. But Heve are serlkes
- n=t
ot n«i Nm%g; ) h\om calewlus )GV\ ¥ =0 = Lin Yn. Hence,
WY S d o

Lan 20 = Ln ya +0 lTvApa‘:H\ = 0. w

N~ WP° N

Lecture 13 Page 5



Corolo-ru T} Z{ Za COV\V&ra,w , ten thee aah Mso
swh that  |2Zp) & M for all wWeN., That ts | Hhe
Sﬁ%\wxcc Zn 5 bounded,

po
Proot. TF 7 Za cu\\Ierale ten LW 24 =0. Choose n, N
=t

n—°

sadh Haat omzh, Taplies (2l 4) Then ek
M= max 3 4H08 0 By, L 20,00 ]
Then |Zn] ¢ N forall n EN.L

Detinition C Absolute  Conyge Me hee ) A SC e z,\ ThA TS

a\vsa\\ﬂra\y “’“V““o“”* T+ fe Series 2 ENE ‘F
r\vnm{aers cor\var%& .

fea l

Corolary (A bonlude\y Convergent  Series Lonveme ) | T4 ! 2,

is o\\osa\ujfa\y CDI\YOJ‘aeA\" / thoa F b ooA\)CfaﬂﬂJﬁ

2
Proot. %\J) M&Amptfovx | He gerles Z \%n\ covx\relap.
h=I

Notice  that [%a) £ 12a 1 ak 1402 lzal B wll nelN.
%‘j -\\v. Lomwﬁ'@bv\*eo’\' ‘@r\w\ ca\tu\‘usl Ao series

S0
L’ ¥ | o —f\ yn
=1

&m\l(’/‘}(/. Hu\u,’ ‘H‘t seried ﬂ ¥n ULMX T\ Yn ale CLESD\W\’el
W\ﬂl‘éyﬁl D\.Nt)\ \\e—r\(,ﬁ (. \a\, CO\-IL\A.\\L 5) Co /\\Ie, {‘aﬂ, B\-, +\£ PWFD6|+\V
W can Con gl JV\MT f tn OG0 Y\Ve\‘g,zs

V\f—'

@

De Linition (Rem ander ot o Cov\\rerauﬁ Ser?es)

Suppow | En 7

n=|



o converayﬁ semes gk S its  sum. The N reMMLr o
e S&riey s the cuv\‘)\kx nun Ser

N - N
b S8 - S-Fu-FuFe
e et - /
The  vomander PTOVu\LkQ«S a  convenvent way b prve Hat 922(1 Zn= S,
Tust  potiee that
. ISN‘S\’\EN'Ol
So g_’?%,\ = G o DW] e Rien Py =0 e will

N—>no

Frquendly wake uge oA this //

Powar SQ,“TLS

Detinition ('\)owu S@r?%) A POWET  series s w berees ot

Po " )
Z an (2-2.) = &y + oo (2B) A, (2B) F -

Nn=v

where Ry 0 o gzi\hevu ) & Ead Yixed / amkh 2 3s ary
(,omka Awmber  ta 9|7,5¢\?T\;>6A \N/th m & The U»SSDC‘:AA
Sum el Sum - and wrande~ Az ek on 2wk e dested

S(];) | SN (.2') / AnK PN (Z)
respe ctive\y

Example (Geonetric Sories) | We show  that  the %&omejrm‘c Series

Z’mz“ TS Cov\\l&l\azwl when \21<).  I. Q-M,Jr,

"0
00
Ta" = = (lz1er),
£ -2

We (;MAPVC‘L Jf\h& \fe,W;MJ.brf

Lecture 13 Page 7



N-1
oL n
ey = S -Syle) = 2 — Tz
\-T n=o
- n N
(\+w+wz+~~-~wv\\= \_:_\_‘)> - A «&(\— )
\-w \-& V-2

I

N
W “(5).
Hene, | oy (2] = Ll \\TE!\‘ But th  wgune of ul
N
N bers (ﬁ{:? Conerges Yo O SR RAR Y\ Nwww
L‘ gb )[Q’l‘l
Hente w3 =

N->p° z ANua,ag oPerwive . //

Gther wie |

The orem Lde\or's Theorem Suppose that  J

N D pea Ais R DQ (Z%) . Then ot
o co:wcr&u&

s ) uj‘r ceoon

each 2 GDR (z—,), 2(2) hus
\ODW&P é—cft‘rs

o h
%(%) = z: oy (2-%)

N=0o

W T'\'\/\ cob‘?"“* c‘lg,w\—b
(n)
rq = i L%D )

——

n!

The  Sectes Teptege ok hon

>+ & %\»de’w& 5\1 e Yheorem s
called A

Tow)\br Socres  oF % o bout Zo e

proo—‘\', Fif‘.s‘\', nSSUme '\'\NL\' 2,0 5S» ‘\'\NA,J( -@ T am’k\\ﬁ.‘a DK{'O)

Let 2e DRU?)- Wete \zl=T1, L&+ o be o ‘fu/tl Akt such ‘Hwi“

rave ¢ Let G be ¥ oWl oF mdis ©, cmerd 4 0.



By Canchy's Iv&ebm\ Formalo, we hawe e DRl

309 & By *
Sle) - 2%?2, %cs% > /\rx‘l

0

r\l&cm\l -\3,{ ‘\tbm\\»\'*

ltwawit w2 — .l
(Sl V) \-Ww \-W -

FN‘W\*) NeN | W con wM
\

| ‘ ( )
S \ T 2

1
\

]

5-1 n=o V- &
S
N-4 n N
- z 2
| nt N ¢
= S S (5-2) o

We compwte e remalnder !
N-\ L\A\LO)
/N 2) - 5 (}3 -

|
n=0 n, ¢
| g S e N D/ & ;S'le Z_V\ de <%fd)
T i), st - w2z |, -0 Trefeqrl
2, s i/\ “”“ o W
= _\—- S %LS) ( - - y\+\> AS
24 (—o 5-2 o b
N by the Jormaly
I £ As ( [ >
24 %Lff(%) MN(s-2) e 5-2 0
Now — we prve Aok Lu fNLZ\ =0. We |wwe
N- 0 L0
= L Z
i) - L \&L o 2 2)(Ls\

\ sy 2V ) -
—_— [
v e, N [6-2) °

Lecture 13 Page 9



= w15 12 L \s-2(Z {1s( 12l
SEC, N s-2l =\ - |

é: rN.ro ;FD»r

N, Just
€, (r.- b

~ wwko,r\‘\'

The seguenie (_;,\N o M cnenes B O ke Lol
b

- 5

This prves Ln /N(Z\ =0. Thu fﬂNw the caim  when 2,20
N>/

Now osgame Yhat 2, #0 so Heat & s andy i on e
Ls¥ Dz Then Fledz) w omdgte on Dy (0.
”6\\ e P\’ua()&’ cuse, we cap  wroie

P (n n
fera) - 0 3 ()=

Now WP\M& Z with 2-2 b %,u\'
Po (nD _ h
flzy = o FE) TR

n=b N

Ths  omgletes s fnv{n

The Taﬁ\or e &Q‘ L whowt 2,=0 U camm»ALy referreA

) ) o~ Moaclauren sers.

Exom ples (N\o\da\m,n Sertes ot E\aw\zv&am, Functions ) | We will

decive  Ythe ""b\\ow‘.t\J Maclawren  Serdes Tz plese pbuthy s of te most
Com W on a\uw&ar\) Toacors . We will ‘H%MV\Hg U ‘trese to
ODN\PU&L Mcbauen  and Tg..j\or sertes for  other Londons. Yo  Shoul)
Memorize  hem |

Lecture 13 Page 10



| _ - S0
(") ~;:z' = é%} z N ( \3\‘4\)
2 T
() e = Z‘,ﬁ \ (12l 200)
“=;o n 2nt|
:Z: N 2
N2 o= <
(3) sinz = 5 eyt (121 ¢00)
2 2n
3 - (0" 2
(HS Cos 2 %l‘o (zn)) K |2l £ 04)
(5) Swwhz - - @;‘:ﬁ‘. , (12| < Po)
fo 2,2’\
(6) coshz = “Zzg (zn)! ) (IZ-I L p2)
SO\\K\—:QH' po
N\
I Y L - T TSR S PR WA
ON *LL A?ﬁb( D‘[.D) . %L’ Ta.\jlbts

TS 0~M\\\'\‘ T

‘\'\\LO\’(’-M, Sf \Nk'7 ~ Moclawnn se ¢ies  on '\'\pw)f dd,’bK. We have

-\ 3
$'2) <A (1-2) = A (ed) -
I _ \
[
§'(#) ;% (- - (e
7 _ 2
' -3
n) n‘.
z) = -
§$"2) e
‘r\u\uc, %lm(») =n' . Heare
L 2w no_ % _n
=4l = F et =T,
n=o ' nebd
o~
2 " .
(2) e = 2 -\’_\z"; S (2 =(,z TS ent e llj( t\a$ ~
o ‘

Lecture 13 Page 11



Ml ueven Sefis L\ILrwa,m } \;7 Tuuylol‘ 5 H\wmmr We

S0y = e’ =1

Hence 2 o "
M eFe Sy X 7’/, .
N=0

/N
R A\ Zht!
(3) sinz = JTO 2 c We have

n=»> (Zf‘+\) ln

-b _“2_
St = il (é —{,b >
v
po
_ Ec"z“ ) AN
20 N=7p \ \ ’—T

)M
N\,
Dt
ﬁ
|

VS

\

('\

A\

\/5
.~ >

= Z! 3 2 2
Zl’ = (9—‘\‘\")‘.
'ad Zn+!
= (- 3\/\ 2z nt
l Cens),  °

Lecture 13 Page 12

\MV&



o n 2\
(M) Cost = Z{H) . We can AYH@MML}A{I P»u)@f

n=e  (zn) \

secies  term \-»7 term . \l)ﬁ L\Ma

n nt!
cod ¢+ = A S:Az_ = Zl i (,")__j_ [
12 o AT (andd)!
O 2
= Z] (‘[>M Z“
9 LZA\} 0
*9 Znt!
(5) siaht = Z’ L‘ o ?{cd\\l swwhi = -C ok c2 . HMLL}
n=o (,2 *D
Ll) 2n+l
- i
3why = "o‘i Ly
e 'lh-H)‘

Ml 2n+42 2n+l

Z’ (-0 L Z
Y\?b (Zh-H)'

o Zpr !
- ™ M R > z"
= Co = L =
W= (2h41)) n=> (zntl).
L) Ef 4 2" 2 2'h
(b) (oshz = +=5hhz = = — =
Az 1\-7“0 A7 LLM\)'. é\b 2! °

Note :© the power  series  in (2) - [£) are  the wsuul Macanrea
seres  Lhen 2 b el thy ‘m\)}/(w 2 gl Justt L ocation that
we chose the  Goriect A@;‘ intions  whea G_x\'cmkb\j The e,\{,muxjw\hj
Punctions 4o the CD\N\P\-LX P\M\e_.

Lecture 14 Page 1



E)«m\‘)\e_ We uwse e siy Maclawren Seres Sy e e,lemen+ary

funckions Yo c,ow\p/é(e_ Muclasrin  Series  or ij\n L rles
foanction s -

(&) Moclawren seces  ob \—‘;& . We  hare

ot

U I Pfﬂ ) - et

\+2 | =(-2D == N

(b) Taglor secs for b abad =t . We  have

l 1 \

|

\ - % "~ U—L\—(;-c) \- ¢ \ - *T_ib)
. ) \ ~ N
- = — Z[( (&\/:E) \Z-¢
%1 \'(: =]
S \ - > = e‘f{ (.Z' ZBM
o o | —_— N,
17 N=D (\,.,‘)
b4

(¢) Moaclavven Series  of 2t L%. We hove

AY oo n+z
2z () o n n
27' e = 2 i‘ sz; = j‘, 2 T -
LAY n.

Lecture 14 Page 2

Sthev

//



Lowrent  Sertes

w \\u\ %’ ) notd N\UL\ \j‘\' A ot a \c)o:h‘\' Ty . Ta.\s\ors ‘\'\\eo fem cannot
e o P?WAL . However , we  can ptten  $ind o series (epres entation
ot § thd involves f\eaocH\m powers o 2-2Z, .

E x mmp\as

-

z
() $Ed= & L The dundhn ot aelith ot 2,- 05
ZZ
we \cvk -Y»ar A~ %e,r}w 2,)(‘00\#9%'\ N\\la-\\h\u? Yabwors 5«@ Z - We
N3

- 0 Po h -
e 21 f CO N 2
2? 2’ Y\-'«'[‘) Y\: o n. po
_ ’lZ ___; N ZL—\) 2z
z n=o  (Nr2))
1
(2) $la)= 12 (0““‘”)
2+2°
vzt \42225 o [2(we?)
23-} '-Zs 23 v 4 %1 _2-3 L4 22
_ L2 (we?) A
12,3 \+27¢ \+2

\

Lecture 14 Page 3



t
(3) §=2) = & . The S\v\wr. soab Z27-l <5 we are
(%—\—1)2
Lwl&-\? Lw Powfvrf e‘@ 2+, U)a \\M&
x Z+| © n
e _ e .U (2+0)
——’—1 - /q_ - \ ,__——l-
(Tt elz+) emn ey N,

\

Zl LL+() (o<[z+t]&(>°)

w0 "
\ \ \ 7 (z+))
= | —, & — ) _

€ | (e 2+

neo (WA2)) //

\\

Tkeore,vv\ (La\m?,nﬂ Su.\o\oos& ‘H\u’f gf s una\~3¥tc on  an
eoniulus Ri¢<12-214R2. Then ¥ hav «

re,fxe.san‘\ ation  on that  onnwlws

Lanrent  Series

00 po
Le) = hz' dn (2-2) ; b (z — ((z\< [z-zo]<12l)

with  coedd icients ﬂs‘mm b%

0 Yz) Az 1 S—L;) A
L S \c_ (z-zo\“ﬂ ok B“— 27, g (2 1)”\“ z
where C s on posit ivc\.\j ocventel Sim@\t closek  contoup

n
the  anmwlws  whose  Werbr  Copntans 2 b-

Lecture 14 Page 4



Proodt. Iv\ijx?*»\\? , assume 2,70, let 2 he swih et R, ¢zl < R,
let C, ank  C4 be circles  (w/ P»ﬁ.\h\m of 2 tution ) with
o Ty oondk Pz owdk that

Ro&v 2\2levy 2R,
O\MX sk Tt M copbe C Vs h between O and G, Ao
Rl)f 270 B¢ s %Na\\ '\'\N[\' '\\M C.\w\c Cq= CQL%) Les W \;p,’\WMV\
C.od C, .

‘\)W), We coMwa‘b; 'l'\l\a {‘LMa,\\JJH‘. Flt%‘\‘l

vy Tat
Sy - A sy Canlhy ﬁ)
2vi [ o7 Formul o !
%
\ £09) Ao S$(s) e Lounchy
= ( g 2 + 2.5 [roursat
C, C, '
Reca| | fom prwg' 0‘;& \ T&B\D\‘IS ’ﬁ\a.orzMT
5-1 o S Sk
N-\ n N
v 5 N
el R
) N SV\-I N
T T T e
T\Nw\ N- N \
z = ) — An -0 bn
pyl2) 1) = Zan o) 2 o



N
Thea \ ts)” ) i Ssts)s 1
\fN(%)\ < 27 Sc (s)N |t o [ [9zV >

\(ouu Can 5)\0\1) 'l‘La'} EBH\ t\V\JTE 31&[5 bn ‘HM Wybuf (JM\R% s
O a5 Nk \MW the T.T. for Contonr l\A’|'€j ral), (ks I
fhe ?rw@ A T()w}\or} Jr\/\aorzm. ”\‘hts P(N% Be  laim w\\u\ %,=0.

S»\Q?b%& T30 oa)  asswme  § satielio tle  codthes o4 tle

feoem,  Detine D)L%): §(z+2) . Swhee & (AM\\?)(.LL on
2l<\%—%\4&2) q ¥ w\ﬁ'h on R 2|24k, B\/ the

ot Wwe \\\\x&* ?mlu)\l

7o )
%(%)’;Z:;)“Aﬁk‘% j"\; lw\,\-

w2 2"
W H \ 4l#) 1l y(2)
Ay > 21l 3 ?\ﬂ (l,'k SO“ = 20, i_’y\:u A k4

UNLIC F T he ot D\ulﬂ\.\vp\ ‘gfbm C bf; M s ludon
by 2. T Iivh fle PVM / \[ﬂ.\o\aw J by F(2t2)ald
(IL‘AM. z b\1 2-25. TR coMMaJ%, ‘m;a‘@.

/)

Example | Lowrent  secies ore ey Found by wsira Yhe

If\lve,t\\'m\ LX presHidnS . U”s‘“*“") H\z\j e 'Lou/u)\ b‘) mo-Vw‘\wj wse ot

N L MacLlowren semes Yor &\emev\+artj Functions .

() 5L = oy e Sdedis ae w00 -0




So the 'Q\M\o‘\hm T o\y\u\\ﬁh, DN o< \?:l )

By Lowronts
%\\U)r{,m/ 3 M Loaureal  secirs on this

AL We Wave

\ g A L L—) ) % (,Zz)" f A 2n-)
2lu) T 2 | +2% T2 Z - = e
=0 -

o0
N 2Zntl
= L . Zl\ (-1) 2
z n=o

Fn fuct: b= s by the  Lawtert  theorem

\

i = 2wi b, = & sl2)dz = S ;(_\;%Z)Az
C C

\)L)NH’L C ou\A? Po%?h\m\z or.\&n’}lul Bn\\Alolt ct,oscl co\xld'b\)\f‘
(L\o\) Ny 0 )N \Jw 0~V\V\\A,\\LS.

@ =) = e,llZ . The S\\nb\h\MH7 B oot Zyco . The Functhon
B oandyfic on o2lzlawl e huve

Z _ /.) _ Z, —_— — l ry — 4 ’1_‘ (
e = ﬂ z = l nA) 22,
e T ny n=? ¢ n. ¢

Notice  Hwat 5\7 l %o Dy Lasttat ‘s e orem

Y/
v, = Q-’fri,bl = & e & (XZ' u)\-w&
C

C %s Ay 5M\P\L closeX  onkar  aoput O .

LI



Tuesday, February 23, 2021 3:52 PM

() 4 = 22 s o swerly oF 220
2-)

We can ;,\«k
“’T""jb' g,l*t;w o\ ﬂrl/ f)\lrbK \}\4‘ d.ML a LM/TM\A Szrt\lzs
on the  annwlws Vel 2l 4w,

] % P° Y\
On |2| &\ S L I PO T 24 Z 3
z -\ \ -2 -,
90 0o
_ Nl n
" ZZ -~ T\ ¢
n=» 2o n=»
N+l
= ~| -2 4 2
2\30
N
= ~1 "2 Z’l Z ~
N=t(

On 14121200 ¢ +his conditin QMF\;‘M (Blel . we have

éﬂ=_§.‘+\?=;*i(l_§
z-! t -y -5 2 \\-%
/o eo \
= f s 1 Z' -
T 2 roZh
nN=v 00 N=v
\
= \ + 2 Z 'i-h_“
n=0
> t
= U x 2 L
=
\ [N 8 ’ C
LH) '9(%) = (é—’%o\m—\ ) nzo. T)/\tﬁ W AR o\.lj{‘.c on '\‘LC
au\!\u»\u.s o<|2—?;,\ L0, Ta %w“ —H%) vy u\\rLaL? 7% LaureML
serds. We Wil com?vd‘z

\ I

— — WnrY-m

21 & L%’zv) ()\%
C

Lecture 15 Page 1



For vy WZ0 WA C sy OLM7 5\\/«?\\/, C/LDWA Cor\h)\kr
about 2o . %\1 Lawtents  theorem

b _ ’\— 'S}'('by -(_m+l)+l A 2
m+] YR C (z-%
\
- J—— - -
A P % Lz-%fﬁw\ w42

_ S | ) m:yl
B Dwr = 1 o, otherwise,

/

A Ssolnte %‘U\Mfmrm Converc&u\cc

Theorem (Powu Sviey Con\fug(c Abso\u\'el\]) T « power Se rves

o0

2 an (z-2)" Corveryes when 2:=2, ,H\en vk Converg L.

N=o

abmldely  on the  disR D () ,  R=12-Z|.
Proot. Assume e  seryes (‘,ov\\l'"gb.s at ?‘\ . T\\M

Ahe %&%\m\ca fk‘\(%"%o)“ vy \bouwl!l&. Cloose M
So  Ahat \Ak[?;-%o\ﬂ\ <M 'Q'H ANl nEN. Now
Jet  2eDp(3) 5o that V2-2 |4 R =12.-2.|. Welte

(D = \%' Zol
\2 -2} n
Ten [y (2-20"] = lon (23] tz—%n\
(2 -2

& Mmoo,
Oo fv‘
But the  series P Moy B o cowarﬁuv‘f g,wmjcrfc

nN=o



SKries  Since pel. Hence \»7 te Compnbbh Test

e se,r.\r,5 bo
j\ \M (2- 203“\ Lor\\mrg@s- p

N=v

The theorem  osgerts that it o gries  conve mes o t a Fo.\d
2% , tea It cor\venau ohn AIsK Dlz.—hl (2:). The lmys'l‘
A9k Witk dhb ‘m‘au-’r\s s called the sk ofF on veryen ce Or
ciede ot conve nce . Acoowhnﬁ Yo  the Yheorem | o series does
not converse ok any ‘oo‘M oukside T K oF oon\lerax,nw :

Detinition U)Lm%rm Comaw,noe o Sertes) |Consider o powa ¥

Series Z‘fkv\ (2-2.)" with QK of convergence Do (%) .

=0

Let S be @« weaion in the gk, We S0y Had  the serves
Converses \M\.\‘\'D(‘W\\Aj on S % Hr oall 29, ter exizts n el
sweh Pt

nZh, and 2€S i plies \(),,(2)\42.
Tno other words, Ny =N, (&) (h?eols or\LY on 2 ande ot oon 2.

Theorem  (Untorm Con\rer%nw ot Sen‘osb Tt 2, is &« Fom‘)‘

instde e MK of C()n\ferau\ca DR (2,) of ® Seres Zdv\(‘k 3»\
then  the  series Converses L)J\-Y-ONY\\y on the closed  Alsh DR (?o)

U)\\ﬁ"& ‘ [ Zbl = P‘l D U')
Proo‘? ) %\) the P(M)v ﬂ\eonm / the seqves

T on(20- 20

Cor\veracs- Wrte L\ VQM,\JMS oA 2ach series:

/

/
(

—_—~—

Lecture 15 Page 3



U n
AE) = L h&“ (2-2)

N0 pe

N = L ﬂ \O\A (2;‘29)1\ l‘

W2~ Ao N
Cositlor 2 6 D _ (30, Thea  12-2) 812020 ] . o,
(N wm

Q;M Z tk/\(.%\l,)“

m—ops =N

O .“ﬁ \nl | 2 -2

™ =00 1\3“

Clm B (2wl - Oy

'h:—? po )\—;N

._b
=
—
(L \)
s
(

’Y\

Let €70, Chosse N, (£) €N swdn that Nz 0 (2
impiies low | <€ Heney, Nzn(e) al 2z eD, _, 2D
va\ks ‘f’N (2)] ¢ Oy 4%

»

Theorum (Cm“nm"r\i\ 04 Pou)&\r Szries> A POW&V yer s

Po
Q(z) = 2 o, (z-2)"
Nn=»%
e o contirums Functdn on the AisR of Coku“«u\ae.,
Proot. Let Do(®) be the Ak of Convetyence el Ret 2Dy ().
let Z70. S'ace e power sered Conlefye s \M\:-Q»w\»’ \clues.e

N() EN sttt Soe all ze D g 30



NzZNE) =5 o)1 ¢ .

A\%D | S\nee SN (2) TS« @\yh OMoLNl “"bi Lach NEN | \
5 a onliwgus  Sun chim Fix N b = N(e)tl, Chosse % >0
S\L(,\\ "\'\»m‘l'

\}_2‘\LS :5 \SN’l%)'SNOLZ'B\Z%:
’ﬂ\er\ \%'?:,] < S: m P\hs

Is(3)- S(3.)) = | Sw®+ f[2> ~ (Sw,(# +fN,m>|

£ LSy,B) =Sy, (2] + \ ‘DND[z)] . \(ON\(-"LQ)

z z z =
< v?;‘}'g +3 2-

\)’L[\'D Pb %

Theorem ( Tnfeqruting  Power Sertes ) | Let € be Any covbue

nReopr Yo The C)\\S K ot covxvev‘au\oe ot the yowucr Sepres
fo

Sz) = L anl(z-%)"

n=o
Let SL?Q be 0"\> Jwmcdion  continums on €. Then

Lo

[gmsmm - Jian g 42 (2-2,)"Az
C n=e C
Pool.  Demste ‘oxj O‘NLLB e  rememder oF e sertes on the
S Wetke g (3) = SleX- Syl We have
N -(
oy(2) = S g(2)SE)dhz — i % SCW) [2-2.)" )3
c

N=o

(-

; g 3(2) (S~ 2 e (2-2)") )z
. 3



- ngﬁt%) EY A2

et 270.  Since 3 vo ontiwews o C ) Chogse M >0
Swdh  thal
Lglzdl & M Pe al 2 ecC.

Siace Slﬂ » \M\:"'Y avM\\] (,ol\\lv.\*?u\{ on s ().-kbk an cowwr{,fu\w DR(E-)/
Choge  NL2) EN sudh tht e all 2 E DQ(%),

(2
NZN(,QS =" \FN('%)\ N MTLU‘DH\(C% '
T\P\M\ ¥\) iH\L T‘\\hlola ]:Mé "\‘bc corx’row I»L *Zornls,
sl = | |
¢ o [y IA B Ly (O

zel
< : _i/ . LZV\{,‘“\(C) =Z.
l\'\lub‘\'\k
Ths povs b L gy le) = 0
N—>Po
%

Coro\\aru\ ( Powey Serts  afe AM\\J‘\‘\\L> A powes Se e
> PO
S (2 ) = 2‘ A L%— _-Z-b\)V\
N=o
's  an w\m\\j‘}ﬁc ‘?w\c)ﬁow on ks AisK ¢ (,oV\VN‘a,&Y\(,e ;
Proot. By one ol the  theroms, S(2Y t5  cont huows 0w s
)\HSV\ O“\ Cbt\\fa"au\té. Le/-\- C bg a(\,y (,lbéﬂﬂ Cb'\hur JL\:‘M



st e ﬂ‘“ a\‘tsk . (,or\\re,rau\te- T}\Ln
Po

by the
S NEMW E I fl On SL L?;—%,,)" Az 1Mrm>
C n=p
P S;I\L& [_3‘}0)“
= ID\“‘D N an ant -
) derival hve

= OA
By Mirra's heorem | S (2) ¥ an analytie fu don !

2 “
ExamQ\e The unctdn
or- Yy e
z \ ) -2-"'"0
% entive . For ANy 26@, We  can whte
p |
Sinz = I Hi_im
=0 (2nt)!
Whe n T£0 | we hve
S\u\ T _ 5 H)K Zh
—z - ,\_L (zna)}
But s =
WOWNR T A 2a
| = -9 2
bt m)‘

'HQM,@‘ .S(}) - Di‘(—“)“#h 'Y-\N‘ any 2 ECL.

{

ne=o  (2nd DY ///

Lecture 15 Page 7

|



Theorem (D3 Herentiabing Power  Seris) | A power seres

0o

S(z) = 2l an(z-2)"

n=>
con ke OHerentlnted  Aerm - La.,)— term. 'Pru?sclv , a¥ euch
90‘4& im+&r70r '\‘ﬁ 'H\z :XTD K o/* Cov\Ve,f‘a,e,y\(,e/

S(2)- Z‘na (2-2,)

Pt Let Dplz) be the Ai ’< ot converyirce o Let
zZT € D'R (%'05 LU\' C ‘Da A SMP“L C(Oé&l FOSVH VLL7
or b\mj(e& Cor\J( oy ¢ vk e o b D ( }D) i swry ownd_{ }"3 z.

Thn C(L\L()'t S fjt
| w) n
Cy = S| < 0o

t ¢ (w-1)? Wl
- | 80 Sty du (-, lw—i))
C
N=p ) S—C,r yes
:%M_lg(w-;g 12
b 247 ¢ - 2)?
> C vwk
= :\Z,: Op A (w-2.)" ) ( év-d—%nl
9: w=2 Formula
= E hn N L%-—Zo)n“
N=p

w



T‘\E,O“&W\ (Un\l\wnass O’Y‘ Tcu\ \oe Se ﬁls) I%’ O~

powey ke S

51, Ay (2 -20)"

n=»

Converyes to ot §(3 on o« AR Dy (29,
then it 15 e Talor sety of 5 oabdt 2,

(w)
Droo L. We neel b shew Hal oy = § () Constlur
(3(%3 = 2'7\“—(, - (;}_—% )v\-\-\ \p\\cn nz=0. LL+ n: C b-& A CN‘LLL
caterel At 2, w/ eadlus  veR,

Cowe
() -_l_& B e (W'M
C

Forwula

h\

1)

S y(2) iam (2-2)" Az
¢

m =0
I_h*ll‘wh\j

0o

po ! 5
= Sl | et

w2 2. YC b) n
= Op ( Q%AMPLb >_

7

) heorem (Ur\‘\%\w\a% of  lawrent Serhzs} Tt o seres

Zlantt'ab + ZBV\ Tﬁ;ﬂ

nN=o n=l
cor\vvau b o« Functhon F3@) on an  amaluws R, 4lz-7|2K
then IR the  Lawrent  Series Lor L on H\a"’ a/lY\LA.\\}.S~

2y



Pooot. Similer to e ook ot \mtj)mstsw(f- Taj\m e treS
[]

Mu\ﬂp\kw\fm O’? ?Ou)er Sarias

Svﬂma two  power efves
Po

oo
$ =Y = 2‘1 A 2 -2 )" onk 4 (2) = Z_'\ Iam(z’zb)"

Co&\\!ei:()e, on a Aﬁs\( Dg (z-) . The n ‘Y’ ok 9 afe
N\(X\j)f:(. ON %V”\.* b\':a'b k 0\?\& }\QV\LL &v : S ‘g' .3 ! b j
“he pra)vw)( Cule - Hence, §. 9 N s

7 - Tt&\j\.bl‘
LAy N Do (350
z n
$z) gley = o (2-320)
n=y

with &o&yn[ Levents \

R)
_ f‘ %(K\(Eo) (3('\ [_&D)
K’bl TR =R
= E O by

U S\M\,“ v |

n

ov\\7 e  First  ceveral terms are meCrLA_
' N . . “ I T il \



ey can be dmark by bommaly  melbiplyln the  secies

L Ke @,\j“omul S.
e

the  Mad.anen  series

E XWMPLE’ Fink

fley= snhe
L+ %

T\i\c 'F\M\—lf\'}l)‘\ shwhz Al \_\\-’t’ areL ww\«ﬁ ~ om ‘\‘\L \H\t* )\'Tﬁlﬂ

we  hawe o
7.n+\
swht - \ =( (f (n" 2" 5

\vZ h=0o L?vm)‘

= ( z+2: v ;f:f_.‘\(\jdz b2 3

3! s
=z 2 v 2
ER S .
S
3! S
v v 2t P
\ \
3 3. é S g
-2 -z N
EY sl
_ 2 3 Y
=z -7 7 —ZZ - %2 +

S‘W\C\M\\\) R —Q’(%\ o\v»A\ S(l) are AM\\S*»\L on A K DRIZD

awh 5[7.—3#0 oW D‘\(?o)| then we  can wrte

bo
%;@ = 21, 0L1\ L% -7:5\
%L%) Nv

Lecture 16 Page 3



= ()

\}l\\&r(, A“ _ (%)Lﬂ (203

ez —_—

n
T ek, N eficuds Furn ot b obe  the  same s those  Foud
LD\’) &»\;\X\M‘ ‘\'\v SLV:LS L‘.kc polj Nows al\s .

Ex uW\p\f, Fink the  Lawrenwt  seeles l\rw

o the  annus 0121, e Wave

\ l \

|

il

Swhz > 2+ 2 v’ 4
ooy 2ni1)! XS
. ‘
Z Ve 2t 2t L
3! 5!
. 2 " <
The Semss V¥ 20, zZ % 'S Nonpre On He ALKSR l2)em,

-2t Y L
—_ -
3\ s\
_ 4,1 o
_ ( oz - )
3 (3

Lecture 16 Page 4



Her\cg

sinhz

Lecture 16 Page 5

\)

"

N Y—



	Ch 5: Series
	Sequences
	Definition (sequence)
	Limit of a Sequence
	Proposition
	Example


	Series
	Proposition
	Test for Divergence
	Terms are bounded
	Absolute Convergence
	Remainder

	Power Series
	Definition
	Example: Geometric Series
	Taylors Theorem
	Examples: MacLauren Series of Elementary Fncs
	Geometric
	Exponential
	sine
	cosine
	hyperbolic sine/cosine
	other examples


	Laurent Series
	Examples
	Laurents Theorem
	Examples



	Absolute & Uniform Convergence
	Power Series Converge Absolutely
	Definition: Uniform Convergence
	Uniform Convergence of Power Series
	Continuity of Power Series
	Integrating Power Series
	Power Series are Analytic
	Example

	Differentiating Power Series
	Uniqueness of Taylor Series
	Uniqueness of Laurent Series

	Multiplication of Power Series
	Example: Multiplying power series
	Example: Dividing Power Series



